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PART I. Multiple Choice Questions (10%) (H:E3 > R ZHEBEF X7 * 3+ ¥ iE4)
1. Let a=(1,2,3) and b=(2, -1, 1). Which of the following statements is correct?

(A) a-b =0,therefore aand b are orthogonal.
(B) a x b isascalar equal to |al|b|siné .
(C) a-b = |al|b]cos®,which represents the projection magnitude of a onto b.
(D) |ax b| = |a||b|cosH.
2. Let T:R™—> R™ be a matrix transformation defined by 7'(x) = Ax, where A4 isan
m X nmatrix. Which of the following statements is always true?
(A) T(Xl +X2)=T(X1)+T(X2), Xl,XQE R"™.
(B) T'(x) preserves the length of every vector x€ R".
(C) T isone-to-one if and only if m = n.
(D) Tisonto if and only if the columns of A are linearly independent.

3.  Let A beacomplex square matrix. Which of the following statements is always true?

(A) If A is Hermitian, then all eigenvalues of A are real.
(B) If A is Unitary, then A= A*.

(C) If A is Normal, then A must be Hermitian.

(D) If A is Hermitian, then A*A=1.

10
4., Let A=|0 2|. Find the singular values of the matrix A.
00

(A) 2,1 B) v/5,0 (C) 4,1 (D) 2,1,0 (E) None of above

5. Which of the following statements is true?
(A) A set of vectors is linearly independent if at least one vector in the set is

nonzero.
(B) A set of vectors wvy,v,,...,v, is linearly independent if
avit+cevet+-+ev, =0 implies ¢,=co=+-=¢,=0

(C) If a set of vectors spans IR™, then the set must be linearly independent.

(D) If the number of vectors exceeds the dimension of the space, then the set is
linearly independent.
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PART Il. Calculation Problems (90%) (3% 8% » #* < 48353 B 113 8 E48)

1. Apoint (z/,y") isrotated counterclockwise by anangle 6 to (z,y), where

x=1z'cosf — y'sinf

y = z'sinf + y'cosf

(@) Expressthe vector [z y] intermsof [z’ y'] using matrix notation. (3%o)

(b) Use Gauss—Jordan elimination to solve for z' and g’ intermsof z and y.
[ ] %2*2* Gauss-Jordan "2 ;2] (4%)

(c) Based on (a), use Cramer’s rule to solve for z' and y' intermsof z and y.
[~ ] 422 * Cramer’srule] (3%)

2. Consider the following homogeneous system of linear equations:

T+ 22, — 23+ 25+ 326 =0,

22, +4xy — 225+ x4 + 325 + Txg =0,
T+ 2z, — T3+ 24 + 225 + 426 =0,
3z, +6x,—3x3 + x4 + 425+ 825 =0.

(@) Find the rank and nullity of the coefficient matrix. (3%0)
(b) Solve the system and write the general solution in terms of parameters. (4%)
(c) Find a basis for the solution space (null space). (3%0)

3. Giventhe vectorsin R?

v;=(1,1,0), v,=(1,0,1), v;=(0,1,1),

use the Gram-Schmidt process to find an orthonormal basis for span{v,,v,,vs}. (10%)

4.  Consider the quadratic form written by

P=2x24+5z— 422+ 6z,20 — S8z123 + 102525 (10%)

(@) Express P inthe matrix notation x” Ax, where A issymmetric.

(b) Find an orthogonal change of variable that eliminates the cross-product terms in the
quadratic form, and express P in terms of the new variables.
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Solve y" 4+ y" = e*cosx. (10%)
Solve x3y"" —6y =0. (10%)
Find the general solution of the following nonhomogeneous differential equations. (15%0)

y _ 2e*
Y'-y= 5=

A series circuit contains an inductor, a resistor, and a capacitor for which L = 0.5H, R = 10
Q, and C = 0.01 F, respectively. The voltage

_ (10, 0<t<5
E(t)_{o, t>5

is applied to the circuit. Determine the instantaneous charge q(t) on the capacitor for t > 0 if
q(0) =0 and q'(0) =0. (15%)
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