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Numerical Solutions of the Shock-Tube
Problem for the Plasma Flow in Pulsed
Plasma Thruster

Chung-hua Chiang”

Abstract

Numerical simulation of the plasma propulsion is essential to the Pulsed Plasma
Thruster (PPT) fundamental research. By way of coupling the effects among the electric
field, magnetic field and flow field in the PPT, a one-dimensional time-dependent model
based magnetohydrodynamic (MHD) for PPT has been developed and solved numerically.
The system of idealized MHD equations is a conservation system of hydrodynamics and
Maxwell’s equations with Lorentz force as the driving force of the plasma flow. The
shock-tube problem has been used to test numerical stabilities of employed numerical
methods. In this research the Riemann problem for a quasilinear hyperbolic system of
equations governing the one-dimensional unsteady flow of an inviscid and perfectly
conducting compressible fluid, subjected to a transverse magnetic field, is solved
numerically. Three different numerical schemes have been employed in this study. The
Lax-Wendroff and MacCormack were originally employed for the space discretization of
the system of nonlinear equations. Unfortunately, the results showed oscillations at
discontinuities even with addition of artificial viscosities for these two methods. For
numerical simulations to be effective, a high-order accurate solver that captures MHD
shocks monotonically and works reliably for strong magnetic fields is needed. A
characteristics-based scheme of Roe’s Riemann solver for the MHD equations, with flux
limiters to improve spatial accuracy has been developed successfully. The unsteady terms
are discretized using fourth order Runge-Kutta integration. The results are compared with
other references for validation and show a good agreement with the existed literature.
Rarefaction fan, contact discontinuity and a moving shock have been resolved clearly. It
has been observed that in contrast to the gasdynamic case, the pressure varies across the
contact discontinuity. A full pressure has been introduced to remove the spike caused by
the influence of the magnetic field and is continuous across the contact discontinuity.
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Nomenclature

: Magnetic field

: Electric field

: Conservation flux vector

: Enthalpy

: Current density vector

. Specific internal energy

: Left Eigenvector

. Pressure

: Right Eigenvector

: Temperature

: Velocity vector

: Speed of the Alfve’n wave

: Velocity component in x-direction
: Conservation variables

: Density

: Ratio of specific heats of the plasma
: Diagonal matrix of eigenvalues

>)R v Cece<<lH4Tocro~ITmuw

Uo : Magnetic permeability of free space
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RS - (BELREF - TR - WEHERBORIT DU BRI AGR - B R -
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Hp > e BB E BAIEAIELAAE (specific internal energy) - JiFE/c 8 ATRIIHTFR R BRI ASBAIAE
BNRENBIREE( LR - SE=IAREET) KR IEh= -

EHSFIR TR AN RSS & RS FE TR TR A T B S BN R By HURE GRS
REFZ (I 5E (i (well posed) Ay G HEFEH © FAHIRE Se il Bl 7R84l MR -

TERIEE 53 (Faraday’s law)

%?=—VXE=CWKVX§) 4

R E {F(Ampeére’s circuital law)
VxB= HoJd (5)

B4R E {3 (Ohm’s law)

E+VxB=0 (6)
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W2 358 EE PR i {64 (The magnetic divergence constraint)
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(contact discontinuity) » 727 (shock wave) - 22 FRELFER 712t FAHE N GE B E
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WA {18 7 72Ty R 58 P B TSt RIS BRI AR IR RO FHE IERT P PEAY 7 =0 - 28R
THIH AR -
(—) Lax—Wendroff Scheme
TE: M (Predictor step)

- ur+un At
LI:T+1;2 =1 5 j¥l oAx [F[:L{J?il) - F[:L{i'n)] (16)

{&IFE(Corrector step)
At oo e ~
anﬂ =ur . [F(Ujs1/2) — F(U}._‘ij] 17)

(=) MacCormack Scheme

TEH(Predictor step)

_ At
u,= f-{,n - E[F[I{ﬁfl) - F[f_{f)](ls)

{&1F(Corrector step)

v+ A o i
urtt =1 — —[F{@0) - F(U_,)] (19)

— T = A R ZE AT AS S By RS TR - (E N S S A BUEIREH IR S > FTRA
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DRI TR E R A0 i Ry S FEE (artificial dissipation) [8]2KAIHIHRZIEE - [FR2KHY
ol FWU)_

, O ou
Z(D(x)=—=)=
o 5 (P(X)—=-)=0 (20)

A I F 2 R BELAY B SR A (% D(X)=D fif IS IE i 1) B (modified flux)F (V)

u  oF'(u)
ot ox

=0 (21)

TETE MRS 58 F 1% 22 534 (backward difference)

F'(U,)=F(U,)-(Dax)(U,-U, ) (22)

TEMEIE A Pes (i B i 2 434 (forward difference)

F'(U;)=F(U;)-(Dax)(U,,-U)) (23)

(=) Roe’s Riemann solver

BB ARSI MHD FREAH T TR BT o HEEERHESERE > DL Roe’s Riemann
solver [9]%f MHD FFZ4H T TR A7 -
B BRI SR T AR IR AR M R R4 T

N AN g
ot OX (24)
P u,
u u
U= P = ? ,A:ﬁ (25)
pe U, ouU
B u

At B oy B ] 45 2] Jacobin Matrix A

0 1 0 0
B
@_uz &4_2“ aip @_‘_J
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_uB, 5 0 u
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Ry Alfve’n wave FVZRE o H Bk > DATNFIHREE G FEFR 2
2
H=P e+ B,
FHBUE A BRI b 240 W F e [ e ih &5 14 (strictly hyperbolic).
Sk G B EE 1A & (Right Eigenvector)
AR =RA, (29)
Ay e e
B —FEENGEREERNEEE R RNTHE -
aEiERE > R By
1 0 1 1
u 0 (u+vy) (u-vy)
2 -2)B
R=| L (r=2)8, H+uv, H-uy, (30)
2 (-
0o 1 5 B
P P
oK/ R UE 51 & (Left Eigenvector)
LA= AL (31)

HE—REENEBFREREEER LAYEE

L=—
Vv

- N

HIEERL =1 > JREN R B L B R SO (%

-1’ (r-2)B
Uy ey R
2 Ho
_(y-1)u’B, (y-1wB,  (#-1B, . (7-2)B/]
f
2p P p Pl
(y=p? w, 1. (y-1u (-1  (»-2)B,
4 2 2 2 2 24
(y=1p? w1 (y-1u  (r-1)  (7-2)B
4 2 2 2 2 241,

(32)
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i A FERE (A LAY - (SR aR M £ 40 B B I i 475 (truly hyperbolic)
Aj+112 = Rj+1/2Aj+1/2Rj_jllz (33)

, [A|=diag(|4)) ”

‘Aj+1/2‘ = Rj+l/2 ‘AHUZ‘ Rj_+11/2
ST A FEMLLVHTEF Roe SEH5{E(Roe’s average) W N FITHEEL T 5

a: '\/EUR +\//7Lu|_
e

ﬁlepRHR"‘ pHL

Jou .

B, = \ Pr By,L +4/PL By,R
y

R (35)

PENEN)

B
g Ve
NN

153 Roe /Y_F B (upwind scheme » Roe’s approximate solver){E 125 Ba e 12 AV & A

B,. )
P

Sy
Yo

1 1
Piarn = E{F(U )+FU j+1)}_§|Aj+112 U.-U)) (36)
I RSB B (P A5
At
UMt =u"——(g", —¢"
j j AX (¢J +1 ¢] ) (37)

I A — P B REE Y 502 AN kg hErS a8 F3 MUSCL(monotone upwind schemes for
conservation laws) [10]777% - {Es% 22 [EIRERCH S — IS RERERY - SRR Ry 0 it ={Fomdl
—F

du
dt

o1
t=— j+2 — Pjan =0
A)((475,+ $i-v2) )
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¢j+112 =g j U j+l) (39)
(B8 S R B AT LARE A IRRE RIS - A RS T 8 POk e
¢j+1/2 = ¢(U j!-+l/2 U jR+1/2) (40)

{ERs T i e B ERE 2R R FRPRIRHI &L slope limiter functions fE&E— (B RREEE £
Biran

1
p}_+l/2 = P;j +El//(rj)(pj+l_pj)
1

1
p?+1/2 = pj+1+§l//(r )(Pj _pj+l)
j+l
r _PiT P
pj+1_pj (41)

p (1) 5 4% T e -
AEHE (A van Albada flux limiter. [11]
— - FERERAE
ZE VAR R AT By 28 T RE A AT AR T Ry
’Z—‘t’ +R(U) =0 (42
B IR EERERT o PUPSESHERE Runge-Kutta method fA% sy =0 [12]
y© = gn
U =y® — g atr(U®),
U@ =y® — g atr(U), (43)
U@ =y®@ g atr(U?),

gl = U':D:' _ ﬂtR[:U':H}),

1 1 1
LRI G E T =3 %2 =3 % =5 {fVUJS Runge-Kutta method #2 £ 5 Al

B

K
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Ei %n%;ﬁin nHH

A A [BHETE G DS S B A A B E AW EVIaRAI T
pr=1.0> pg=0.125
P,=10> P =01
u, =0 ug =0

B =10 B

yo L yr="1

FEF RSB I EIRVEEZEL Sok’s FEM B ERITTaHY [14] - fE/EBF = TRIGER = |
VEHIE AR PFER A 5 228 5L (transmissive boundaries) f£— &t 55 (5 F T BRAYZ FE S M IE (S

Ui=; = Ui,
Uiz) = Uiz (44)

STEER A 800 (lEfEES - ZEE RAx Ry 1o dULBEE X FFHY 400 jE  EEFEY =2 o =1
RFfEI P P AU NAEH CFL RAEFTAE 25 —H bOJHine

max; {|4; | HEL (45)

A5 Jacobin Matrix 9F /5y VEF B {E (Eigenvalue) th 250 (Characteristic waves){#i /1y
G =2

SFEFFEE 80 HftE 1 HEANMET = AENEBAES - 1TE RO (G917
X=240-330 7 [E){H /e R4 » HEME 1 1E 48 (KUTE x=440 BE) KRB R (KIAE x=680 Fiz) i & 1145 {34% -
2 [ 3 [& 4 53 RN RS ~ BRST RES A © 5 R ENSTERE R T AR R Bl
pic oyl S G e D e (U ANTETIRN - S r Pl p N s et s D SR )i w0 4= e FI (B W 6t i -
15 BRI A I T R Ry <2 B s Bt S BN R B - B — 18 G
387 (slow compound wave) » ZRli2e H A HAE PR 522K B MHD 5F2 2 nonconvexity A PEFRS |
# o EFE—2 K full pressure B 55 EL 7 (magnetic pressure force)

2

P=P+21 (46)
214,

&5 BEURAIILE Fery = BRAERE R U I 5 2 AR
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ﬁi ° :\:I!I:Eﬁ

ARu7e B T A BE S T > S T AT IR E RS PPT Y —4EROR RS RS
(MHD)EE S « AFEE It MHD J5 2 4 AR R B PP Ry 2= 2 R RE (Riemann problem)£x
HY =R E T AR B AR A b - =FE )7 A NSNS EME EIRVEUERE - {22 Lax-Wendroff
1 MacCormack methods & FTEEfEAY A\ TRIRHRECR N f AR A E A Es s B E IR Z AR
78 © Roe’s Riemann solver #EZAZERELECHEHE » (H LA AT DL o2 N G B EIRZAIRTE « A0
R S FE I T AT A A R B R E - TERR AR 135 BRI E FEfl 1 A Y
1077 R Ry 2 BIRESH 52 B t, S BN I - WHE R — 2 BB UE e A2 EE
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